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CALIBRATED SUBMANIFOLDS IN NECK MANIFOLDS 


HIROSHI NAKAHARA 


Abstract. We find calibrated submanifolds in neck manifolds. Particularly, we obtain 
a calibrated submanifold in the Lagrangian self-expander constructed by Joyce, Lee and 
Tsui. 

1. Introduction 

Minimal or volume-minimizing surfaces have been investigated since Lagrange consid¬ 
ered the variational problem of hireling the surface z = z(x,y) of least area stretched 
across a given closed contour in 1762, and Harvey and Lawson invented the theory of 
calibrated geometry in [1] by which we can find volume-minimizing surfaces in Riemann- 
ian manifolds. For example, since both special Lagrangian submanifolds and a pair of 
oriented m-planes which satisfies the angle criterion, see also [4j, are calibrated, they are 
volume-minimizing. In recent years the special Lagrangian submanifolds in Calabi-Yau n- 
folds has been extensively studied. For instance, it is a key ingredient in the Thomas-Yau 
Conjecture. It is well-known that Lawlor necks are explicit examples of special Lagrangian 
submanifolds in the complex Euclidean space. However, although Lawlor necks are very 
important in special Lagrangian geometry, little attention has been paid to the subman¬ 
ifolds inside. In this paper we consider neck-shaped manifolds M x N, to be explained 
below. In the neck manifolds, we get calibrations and the calibrated submanifolds. Par¬ 
ticularly, we will see that the hypersurfaces {y = 0} in Lawlor necks or the Lagrangian 
self-expanders constructed by Joyce, Lee and Tsui in [3, Theorem C] are calibrated. The 
following Definition 11.11 and Proposition 11.21 are extracts from Joyce [2, Chapter 4], 

Definition 1.1. Let ( M,g ) be a riemannian manifold. An oriented tangent /e-plane V 
on M is a vector subspace V of some tangent space T X M to M with dim V = k, equipped 
with an orientation. If V is an oriented tangent fc-plane on M then g\y is a Euclidean 
metric on V, so combining g\y with the orientation on V gives a natural volume form why- 
on V, which is a A;-form on V. 

Now let p be a closed fc-form on M. We say that p is a calibration on M if for every 
oriented A;- plane V on M we have ip\v < voly. Here p\v = ot ■ voly for some a G M, and 
<p\v < voly if a < 1. Let N be an oriented submanifold of M with dimension k. Then 
each tangent space T X N for x e N is an oriented tangent /c-plane. We say that A is a 
calibrated submanifold or ^-submanifold if <p\t x n — vol t x n f° r all x G N. 
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Proposition 1.2. Let ( M,g ) be a riemannian manifold, p a calibration on M, and N 
a compact (p-submanifold in M. Then N is volume-minimizing in its homology class. 

We omit the proof of Proposition 11.21 The reader can check it in [21 Section 4]. 

The following Theorem 11.31 is our main result. 

Theorem 1.3. Let M be an oriented submanifold in R n . Let ( N,h(p )) be riemannian 
manifolds for all p G M, where {h(p)} p is a smooth family of riemannian metrics on N. 
Let fi-..,f n ■ N -A R + be positive and smooth functions and g(q) riemannian metrics 
on M defined by g(q) = (Sj=i ff (?) d x f)\M, f or an V q £ N. Suppose that there exists a 
point q 0 G N such that U.^ =1 fj(q 0 ) = mm qeN (IT^ =1 fj(q)). We write n : M x N —> M for 
the projection such that n(p, q) = p. Then 7r*vol 9 ( go ) is a calibration on the riemannian 
manifold (MxN, g(q)+h(p )) where vol 9 ( 90 ) is the volume form on (.M , g(qo)), and Mx{q 0 } 
is the calibrated subrnanifold. 

Particularly, we have the following example. 

Example 1.4. Let ai,..., a n > 0 and a > 0 be constants. Define riemannian metrics 
g(s) on S 11 - 1 = {(xi,... ,x n ) G = 1} by g(s) = (YTj =1 ( l l a i + s s )dx|)| 5 ™-i, 

for every sGK, and riemannian metrics h(x) on R by 

n 2 

h(x) = (1/ a\ + s 2 ) • • • (1/ a n + s 2 ) ^ —— L —— ds 2 

■ -*-/ O'! I S 
3 =1 J 

for all x = (xi,...,x n ) G iS" -1 . Then we can regard (5 n_1 x R ,g(s) + h(x)) as the 
Lagrangian self-expander constructed by Joyce, Lee and Tsui in [3j. It has been proved 
in |5j that when a± = ■ ■ ■ = a n , <. S n_1 x {0} is minimal in (iS n_1 x R ,g(s) + h(x)) and, by 
Theorem 11.31 7T*vol 3 ( 0 ) is a calibration on (S” -1 x R, g(s) + h{x )) and 5 n_1 x {0} is the 
calibrated submanifold. 

Acknowledgments. The author wishes to express his thanks to his supervisor Akito 
Futaki for a great encouragement and several helpful comments. 

2. Proof of Theorem 11.31 

From Lemmas [Tj and [2l we can obtain Theorem 11.31 

Lemma 2.1. Fix k = dim M and p G M in the situation of Theorem \ 1.31 For any 
X\,, Xk G T P M and every q G IV we have 

I v ^9(?o) (^1) ■■■ i -^-k) I — (-^1, • • • ; Aj.) | 

where vol g ( 9 ) is the volume form on the riemannian manifold ( M,g(q )). 
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Proof. Set Xi = {X ^,..., X in ) G M n , for i — 1,..., k, and 

(h{q)X n f n {q)X ln \ 


A(q) = 


for all q G N. Write 


\fi(q)X kl 
(X u 


B = 


fn(q)X kn J 
X ln \ 


\X, 


k 1 


and [n] = {1,... , n}. Note that if A G M k r 


XknJ 

is a k x n matrix such that n > k and 
S C [n] such that the number of the element in S is k, i.e. I^l = k, then we write 
As for the k x k matrix whose columns are the columns of A at indices from S, and if 
B G M nk (Mi) is a n x k matrix such that n > k and S C [n] such that l^l = k then we 
write B s for the k x k matrix whose rows are the rows of B at indices from S. By the 
Cauchy-Binet formula, we obtain 


(vol g(?) (X 1 ,..., X k )) 2 = det {g{q){X h Xf)) 


hj 


det W/, 2 ( 9 )A',,A'. 


31 


. 1=1 


1,3 


( 1 ) 


= det A(q) l A(q) 

= Y det(A(g)) s • det(*A(g)) s 

Sc[n],\S\=k 

= Y ( det ( A (^))s) 2 

Sc[n],\S\=k 

=fi{q) 2 ---fn(q) 2 Y ( det ( B )sY 

Sc[n],\S\=k 

Thus, by the definition of q 0 and (H]), we get 

• • • ) X]f) | < |vol 5 (?) (Xl, . . . , -W,)|. 

This completes the proof. 

Next we consider the following Lemma [2j 


□ 


Lemma 2.2. Fix ( p,q ) G MxN in the situation of Theorem ] 1.31 LetV C T( P ^(MxN) 
be an oriented tangent k-plane, i.e. a vector subspace ofT^ q )(M x N) with dim V = k, 
(ui,... ,Vk) a basis of V with the positive orientation. Then 

|vol 9 (<2)(7T*Ui • • • , 7T*Ufc)| < Volv(ui • • • , V k ). 
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Proof. Set dim N = t. Let (ei,..., e k ) be an orthonormal basis of T p M and 
(ei..., 6k, e k +i ,..., ek+t) be an orthonormal basis of T ( P)q) M x N. Write Vj = Y4 =i ° l j e i 
for j — 1,... k, where aj G ffi. Write 


/a{ 4 +< \ 

C = j j 

W ••• 4 +t ) 


and 

4 ) 



Note that if A G is a k x (/c + t) matrix and 5 C [fc + l] such that the number of 

the element in S is k, i.e. jjS'l = k, then we write As for the k x k matrix whose columns 
are the columns of A at indices from S, and if B G M k +t,k{ R) is a (k + 1) x k matrix and 
Sc. [k + t] such that \S\ = k then we write B s for the k x k matrix whose rows are the 
rows of B at indices from S. Now, by the Cauchy-Binet formula, we have 


(2) 


(volytui..., v k )f = det ((g(q) + h{p)){v u Vj)) 


hJ 

k+t k+t 


J =1 6=1 


: det I (g(g) + %)) 

/ k+l 

■ det | a\a h j8i 
\i, 6=1 
/ k+t \ 

det \ <j1 A\ 


CijCb 


h3 


= det CHJ 


^2 det Cs ■ det ( t C)' s ' 

Sc[k+t],\S\=k 

( det c 4 2 

Sc[k+t],\S\=k 
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and 


(volg(g) ty*' 1 ’! • • • , TT*V k )) 2 = det (#(<?) (7T*Uj, TTtVj)) 


(3) 


By 


h3 

k k 


det g(q) J2 a i ei 'Yl a b j e h 


, 1=1 6=1 


det I ^ altfSib 


0 , 6=1 

k 


1,3 


det | a[a l j 


1,3 


= det D f) 

= (det D ) 2 . 

and (l3j) . it is clear that 

|vol g (q)(7r*ni • • •, ^*v k ) | < voV(ui..., v k ). 


h3 


This finishes the proof. □ 

We are now ready to prove Theorem 11.31 

Proof of Theorem ,Let V C x N) be an oriented tangent fc-plane on M x N 

and (i>i,... ,v k ) a basis of V with the positive orientation. Then, from Lemmas Q] and [2j 
we have 

7T V0l 3(w) , . . . , V}f) ^olg(qQ) , • • • , 

(4) <|vol 5(g) (7r*ni,... ,7r*n fc )| 

<voV(ui, ...,v k ). 


Therefore the closed fc-form 7T*vol 9 ( go ) is a calibration on M x N. Furthermore it is clear 
that M x {0} is a calibrated submanifold with respect to 7T*vol p ( 90 ). This completes the 
proof. □ 


3. Discussion 

The author believes that the length-minimizing curve in the dumbbell surface with 
a neck in M 3 becomes a singular point by the mean curvature flow. In general, if we 
consider the mean curvature flow of some submanifold, we have to check the necks in the 
submanifold. 

Volume-minimizing submanifolds correspond to many inequalities and the author hopes 
that many applications of this paper will appear. 
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